In this work we study the equatorial causal geodesics of the Taub-NUT (TN) spacetime in comparison with mass-less TN space-time. We emphasized both on the null circular geodesics and time-like circular geodesics. From the effective potential diagram of null and time-like geodesics, we differentiate the geodesics structure between TN spacetime and mass-less TN space-time. It has been shown that there is a key role of the NUT parameter to changes the shape of pattern of the potential well in the NUT spacetime in comparison with mass-less NUT space-time. We compared the ISCO (innermost stable circular orbit), MBCO (marginally bound circular orbit) and CPO (circular photon orbit) of the said space-time with graphically in comparison with massless cases. Moreover, we compute the radius of ISCO, MBCO and CPO for extreme TN black hole (BH). Interestingly, we show that these three radii coincides with the Killing horizon i.e. the null geodesic generators of the horizon. Finally in Appendix-A, we compute the center-of-mass (CM) energy for TN BH and mass-less TN BH. We show that in both cases the CM energy is finite. For extreme NUT BH, we have found that the diverging nature of CM energy. First, we have observed that a non-asymptotic flat, spherically symmetric and stationary extreme BH is showing such feature.
Introduction
The Taub-NUT (Newman, Unti and Tamburino) space-time [1, 2] is a stationary, spherically symmetric and non-asymptotically flat solution of the vacuum Einstein equation in general theory of relativity. The space-time has topology ℜ × S 3 with Lorentzian signature [3] . The NUT space-time is described by two parameters: one is the mass parameter M and another one is the NUT parameter n. There is no modification required in the Einstein-Hilbert action to accommodate the NUT charge [6] or "dual mass" [7, 8] or "gravito-magnetic mass" or "gravito-magnetic monopole" [9] . This dual mass is an intrinsic feature of general theory of relativity. The space-time contains closed time-like curve and null lines. It is a geodetically incomplete space-time [3] . Bonor [4] has given a new interpretation of the NUT spacetime and it describes 'the field of a spherically symmetric mass together with a semi-infinite massless source of angular momentum along the axis of symmetry'. On the other hand, Manko and Ruiz [5] analyzed the mass and angular momentum distributions in case of generalized NUT spacetime using Komar integral approach.
't Hooft and Polykov [10, 11] have demonstrated that the magnetic monopole present in certain non-Abelian gauge theories. Zee [6] observed that there is an existence of a gravitational analog of Dirac's magnetic monopole [12] . The author is also discussed regarding the mass quantization following the idea of Dirac quantization rule. He also claimed that there is certainly no experimental evidence of mass quantization. Moreover, he proposed that if mass is quantized there may have profound consequences in physics. For example, if a magnetic monopole moving around a nucleus then the mass quantization rule suggests that the binding energy of every level in the nucleus is also quantized. Friedman and Sorkin [13] observed that the gravito-pole may exist in topological solution. Dowker [14] proposed that the NUT spacetime as a 'gravitational dyon'.
The Euclidean version of the space-time is closely related to the dynamics of BPS (Bogomol'nyi-Prasad-Sommerfield) monopoles [15] . The experimental evidence of this dual mass has not been verified till now. There may be a possibilities of experimental evidences in near future and it was first proposed by Lynden-Bell and Nouri-Zonoz [16] in 1998. Letelier and Vieira [17] have observed that the manifestation of chaos for test particles moving in a TN space-time perturbed by dipolar halo using Poincare sections. The geodesics structure in Euclidean TN space-time has been studied in the Ref. [18] .
The gravito-magnetic lensing effect in NUT space-time was first studied by Nouri-Zonoz et al. [19] in 1997. They proved that all the geodesics in NUT spacetime confined to a cone with the opening angle δ defined by sinδ = 2n
where D = L E is the impact factor a . For small α and in the limit
It should also be noted that the opening angle is proportioal to the NUT parameter n. Furthermore, they also examined the lensing of light rays passing through the NUT deflector. This properties modified the observed shape, size and orientation of a source. It has been also studied there that there is an extra shear due to the presence of the gravito-magnetic monopole, which changes the shape of the source. The same author also studied the electromagnetic waves in NUT space through the solutions of the Maxwell equations via Newman-Penrose null tetrad formalism to further deeper insight of the physical aspects of the dual mass. Since the TN spacetime has gravito-magnetic monopole that changes the structure of the accretion disk and might offer novel observational b prospects [20, 21] . The maximal analytic extension or Kruskal like extension of the TN spacetime shows that it has some unusual properties [22] . Maximal analytic extension is needed in order to understand the global properties of the space-time. Misner and Taub have shown that TN space is maximally analytic i.e. it has no Hausdorff extension [3] . Whereas Hajicek [23] showed that the non-Hausdorff property occurs only on the Killing horizons and causes no geodesics to bifurcate.
Chakraborty and Majumdar [24] have derived the exact Lense-Thirrring precession (inertial frame dragging effect) in case of the TN space-time in comparison with the mass-less TN space-time. The mass-less dual mass (i.e. TN space-time with M = 0) concept was first introduced by Ramaswamy and Sen [7] . They also proved that 'in the absence of gravitational radiation magnetic mass requires either that the metric be singular on a two dimensional world sheet or the space-time contain closed time-like lines, violating causality'. After that Ashtekar and Sen [25] demonstrated that the consequences of magnetic mass in quantum gravity. They also proved that the dual mass implies the existence of 'wire singularities' in certain potentials for Weyl curvature. Finally, Mueller and Perry [26] showed that the 'mass quantization' rule regarding the NUT space-time.
In [27] , the author has been studied SU (2) time-dependent tensorial perturbations of Lorentzian TN space-time and proved that Lorentzian TN space-time is unstable. Geodesics of accelerated circular orbits on the equatorial plane has been studied in detail of the NUT space using Frenet-Serret procedure [28] .
However, in the present work we wish to investigate the complete geodesic structure of the TN space-time in the equatorial plane. We compare the circular geodesics in the TN space-time with mass-less TN space-time and zero NUT parameter by analyzing the effective potential graphically for both null cases and time-like cases. The presence of the dual mass can changes the geodesic structure in comparison with the mass-less dual mass and zero dual mass. This is clearly manifested in the effective potential diagram. We also differentiate graphically the ISCO, MBCO and CPO of the said space-time in comparison with the mass-less cases. Moreover, we examine the circular geodesics in the L − r plane for different values of energy i.e. E 2 > 1, E 2 < 1 and E 2 = 1 in case of TN and mass-less TN spacetime, and plotted graphically. Furthermore, we have studied more exotic cases i.e. extreme cases, where we find surprising results that the radii of three important class of orbits namely, the radius of ISCO (r isco ), the radius of MBCO (r mbco ) and the the radius b It should be noted that due to many pathological properties of the TN spacetime such as closed time-like curves, one may think that it is not a physical solution to the Einstein field equations therefore in this sense the TN spacetime is unlikely to be physical.
of CPO (r cpo ) are coincident with the horizon. From the best of my knowledge, this is the first we have observed in this work for any spherically symmetric, stationary and non-asymptotically flat spacetime showing such feature. Finally, we compute the CM energy for these spacetimes and we have found that for non-extreme TN BH, the CM energy is finite whereas for extreme TN BH the CM energy is diverging in nature.
The circular geodesics studied earlier by several authors [21, 9] but they have not been studied in more graphically. We here show the differences between the two spacetime with the mass parameter and the mass-less parameter in visually. It may be noted that circular orbits of arbitrary radii are not possible, there exists a minimum radius below which no circular orbits are possible. The geodesic structure has been studied earlier for Schwarzschild BH [29] , Reissner Nordstrøm (RN) BH [29] , Kerr-Taub-NUT (KTN) BH [21] and Kerr-Newman-Taub-NUT (KNTN) more recently [30] . In this work, we have specialized on the cases when the parameter a = Q = 0. By studying the geodesic structure, we can extract more information about the back ground space-time. Different observables like Lense-Thirrring effect, gravitational time delay, gravitational bending of light etc. all are the phenomenon related to the geodesic structure of the space-time. This is one of the major motivation behind to study them.
The structure of the manuscript is as follows. In section 2, we discuss the basics of TN BH. In section 3, we study the equatorial geodesic properties of the said BH. Section 4 devoted to study the extreme TN BH. The conclusions are given in the section 5.
The TN Space-time:
The metric is given by [1, 22, 31, 32] 
where, M denotes the gravito-electric mass or ADM mass and n denotes the gravitomagnetic mass or dual mass or magnetic mass of the space-time. It is clearly evident that there are two types of singularities are present in the metric (3). One is at H(r) = 0 which give us the Killing horizons or BH horizons:
r + is called event horizon and r − is called Cauchy horizon.
From Fig. 1 , we can see the horizon structure of TN and mass-less TN BH. There is a qualitative difference between two horizon structure with NUT parameter and without NUT parameter. In the limit n = 0, one obtains the Schwarzschild BH. Interestingly, when M = 0, we get mass-less TN space-time and the horizons at r ± = ±n and r + > r − . The other type of singularity occurs at θ = 0 and θ = π, where the determinant of the metric component vanishes. Misner [31] first demonstrated that in order to remove the apparent singularities at θ = 0 and θ = π , t must be identified modulo 8πn. Provided that r 2 + n 2 = 2(M r + n 2 ). It should be noticed here that the NUT parameter actually measures deviation from the asymptotic flatness at infinity which may be manifested in the off-diagonal components of the metric and this is happening due to presence of the Dirac-Misner type of singularity.
When,
the TN metric describes a BH, otherwise it has a naked singularity. When M 2 +n 2 = 0, we find extreme TN BH.
The characteristics of the variation of −g tt with radial coordinate is shown in Fig. 2 . The "red-shift factor" (R) [33] for TN BH is given by
and for mass-less TN BH, it is
The variation of redshift factor with radial coordinate is shown in Fig. 3 . The "red-shift"(z) [33] is given by
For mass-less TN BH, it is The variation of redshift with radial coordinate is depicted in Fig. 4 . The thermodynamic properties of TN BH could be found in detail in [34] and the BH temperature of H + c was calculated there
In the limit r + = r − , T + = 0, this indicates that there must exists extreme TN BH. The geodesic properties have been studied in Sec. 4 . 
Equatorial circular geodesics of the TN BH:
Since the equatorial plane is the good location where we can see the causal characteristics of the geodesics so in this section we would like to study them. It should be noted that r = r 0 , a constant is called circular geodesics. Also, the study of geodesics in the TN space-time is governed by the laws of conservation of energy and angular momentum because the space-time is independent of the coordinates t and φ. The TN space-time possesses time-like isometry generated by the timelike Killing vector ξ ≡ ∂ t whose projection along the four velocity u of geodesics: ξ · u = −E, is conserved along such geodesics and the another conserved quantity is angular momentum followed by the relation L ≡ ζ · u (where ζ ≡ ∂ φ ). Where ζ is the space-like Killing vector field due to the rotational isometry. Using these conditions together with the normalization of the four velocity, one can easily derived the radial equation for TN BH on the θ = π 2 plane:
where the effective potential [3] is
Here, ǫ = −1 for time-like geodesics, ǫ = 0 for light-like geodesics and ǫ = +1 for space-like geodesics.
Lightrays orbit:
For light rays orbit, the effective potential becomes First we see the behaviour of the test particle in the potential well diagram. In the parameter L and E. D be the angular momentum of null geodesics when it is reparametrized to have unit energy. Now the plot of D with r gives the information of radial motion for null geodesics.
The equations evaluating the radius r c of the unstable circular photon orbit at E = E c and L = L c by introducing the impact parameter From Eq. (17), we find
The behaviour of the impact parameter can be shown from the Fig. 13 . Putting the Eq. (18) in Eq. (16), we obtain the equation of CPO [21, 30] :
For mass-less TN BH [21] , the root of the Eq. becomes The variation of CPO with r c for TN BH and mass-less TN BH could be found in the Fig. 13 . The gravitational bending of light analyzed in [19] and the bending angle on the cone is computed in [19] 
In terms of opening angle it should be α = 2Mδ n . For massless TN spacetime, this angle reduces to zero value. 
Circular Time-like Geodesics:
For time-like geodesic we have to set ǫ = −1 then the effective potential becomes
The qualitative behaviour of the test particle can be obtain by studying this potential. First we consider the zero angular momentum geodesics for this the effective potential reduces to
One can observe the qualitative behaviour of the geodesics in the presence of dual mass and with out dual mass and also the mass-lees parameter. This can be seen from the Fig. 15 . In this plot, we can see that the presence of the dual mass parameter deforms the shape of the radial effective potential in comparison with zero dual mass parameter. This behaviour can be seen from the mass-less case also. For L = 0, the behaviour of the test particle in the potential well could be seen from the following Fig. 16, Fig. 17, Fig. 18, Fig. 19, Fig. 20, Fig. 21, Fig. 22 and Fig. 23 .
In the above figures, we have seen that the radial dependency of the effective potential with dual mass parameter, without dual mass parameter and M = 0. When n = 0, the effective potential at large radial distance does not change much more with the increasing of L. When we introduced the NUT parameter, the shape of the effective potential deforms in comparison with NUT less case and it also changes for different values of angular momentum parameter. Finally, when we increase the value of n the height of the potential well decreases. This work has been done earlier for the parameter a, Q and n [30] . This work is specially for the parameter values a = Q = 0 and for mass-less cases which has been not studied previously.
Now re-write the Eq. (13) for time-like geodesics aṡ For circular geodesics r = r 0 , we have the following condition:
From this condition, we find the energy and angular momentum for circular orbit: 
These equations require for energy square and angular momentum square positive definite i.e. r ), it implies that the minimum radius for time-like circular orbit is the radius of of the unstable CPO. Interestingly for mass-less case, these values are and
We have plotted their behaviour in the Fig. 24 and Fig. 25 . and From Eq. (23), and for circular orbit one obtains
It should be noted that L + = −L − . From this expression, it follows that the angular momentum parameter explicitly dependes upon the energy value. Therefore there must be difference in the circular orbits in the L − r plane for E 2 > 1, E 2 < 1 and E 2 = 1. We are interested here to look the behaviour of the circular geodesics in this plane by incorporating these energy conditions. When E 2 < 1, we obtain the bound orbits, this can displayed from the L + − r 0 diagram. It has been shown in the Fig. 26 . For E 2 = 1, we find the marginally escape orbits. This has been seen from the Fig. 27 . Finally for E 2 > 1, we find the unbound orbits. This could be seen from the Fig. 28, Fig. 29 and Fig. 30 . From  Fig. 31, Fig. 32, Fig. 33, Fig. 34 and Fig. 35 , one can observe that the variation of L + with respect to r 0 for various values of NUT parameter in the presence of mass parameter and without mass parameter. Now we see the behaviour of the L with r for different values of energy for a fixed value of the dual mass parameter. Now the ISCO radius can be obtain by using the condition Eq. (24) with additional condition:
Although it has been derived earlier in [30] . We are interested here to see the behaviour of ISCO in the presence of NUT parameter and with out NUT parameter in comparison with mass-less cases in more graphically which has been not shown there. Therefore the ISCO equation for TN BH could be obtain by applying the condition given in Eq. (24) [30]):
and for the mass-less TN BH, it is
and it also indicates there is no ISCO for massless TN BH. It is a curious result although there exists mass-less CPO. The variation of ISCO in the presence of the NUT parameter and without NUT parameter could be found in the Fig. 36 . 
MBCO:
Another interesting orbit that has not been considered previously in [21] but considered in [30] for KNTN BH. So we have just set E 2 0 = 1 in Eq. (25) (or putting the parameters a = Q = 0 in Eq. (98) in [30] ), we find the MBCO for TN BH:
and for the mass-less TN BH, it is It implies that there is no existence of MBCO for mass-less case. From Eq. (33), in the limit n = 0, we get the MBCO for Schwarzschild BH [29] . In Fig. 37 , we have plotted the MBCO with r 0 in comparison with Schwarzschild BH.
Geodesics in Extreme TN Spacetime:
In the previous section, we have discussed the complete geodesic structure for nonextreme TN BH. Moreover, we have clearly explained the difference of geodesic structure between TN spacetime and mass-lees TN spacetime in graphically. In the present section we shall discuss more interesting case i.e. extreme TN spacetime. What happens the geodesic structure in the extreme limit i.e. r + = r − . This is the main aim in this section. Proceeding similarly, we can write the effective potential for massive particles in the extreme limit [using Eq. (21)] given by
The qualitative behaviour of the test particle may be seen from the effective potential diagram (See Fig. 38 ). Proceeding analogously, we apply for circular geodesics r = r 0 , one obtains the energy and angular momentum for extreme TN BH [using Eq. (25) and Eq. (26)]:
and
How E 0 and L 0 are varied with r 0 , it can be seen from the Fig. 39 . Now we have derived the ISCO equation for non-extreme TN BH but here we will see what would be the ISCO radius in the extremal limit which is most important class of circular 
orbit in astrophysics. We find for extreme TN BH the ISCO radius [using Eq. (31)] should be
The corresponding ISCO energy and ISCO angular momentum are For photons, the effective potential in the extreme limit [using Eq. (15)] reduces to
Its behaviour for different values of angular momentum parameter can be seen from the Fig. 40 . Therefore, one obtains the CPO [using Eq. (19) ] for extreme TN BH: Similarly, we can find the radius of MBCO [using Eq. (33)] for extreme TN BH:
Interestingly, we observed that for extreme TN BH the three radii namely ISCO, MBCO and CPO coincides with the horizon i.e.
This has not been previously examined in the literature that for extreme TN BH three orbits are coincident with the Killing horizons i.e. null geodesic generators of the horizon. For spherically symmetric extreme string BH, this result has been observed in [36] . Probably, this is a first time we have seen that such type of features for any spherically symmetric, stationary and non-asymptotic flat extreme BH.
Discussion:
In this paper we examined the geodesic motion of test particles in the background geometry of TN spacetime in comparison with mass-less (zero mass) TN spacetime. We considered the both massive and mass-less cases. We differentiated the ISCO, MBCO and CPO in graphically between TN spacetime and mass-less TN spacetime. From effective potential diagram, we showed the presence of the NUT parameter changes the shape of the potential well in comparison with zero NUT paprameter and mass-less spacetime. We studied the circular orbits in the L − r plane for different values of energy i.e. E 2 > 1, E 2 < 1 and E 2 = 1 in case of TN and mass-less TN spacetime.
We also derived the geodesic motion of test particles (both massive and massless) in case of extreme TN BH. Interestingly, we showed that the three radii i.e. the radius of ISCO, the radius of MBCO and the radius of CPO are coincident with the Killing horizon radius. This is a very surprising result because probably we first obtained this result for any spherically symmetric, stationary and non-asymptotic flat spacetime. In Appendix-A, we derived the CM energy for extreme TN BH and we found that the diverging value of CM energy.
Appendix A. CM Energy of Particle Collision near the horizon of TN BH:
In this section, we should study what is the role of NUT parameter in the Bañados, Silk and West (BSW) effect which was predicted by Bañados, Silk and West [35] several years ago. Does TN BH could be act as a particle accelerator with arbitrarily high energy when the BH is extremal. This is the main aim in this section and motivated by the previous section from the analysis of geodesic structure. We have considered the particle acceleration and collision in the CM frame. To determine the CM energy, we consider first two particles coming from infinity with E1 m0 = E2 m0 = 1 approaching the TN BH with different angular momenta L 1 and L 2 and colliding at some radius r. Later, we choose the collision point is at r to approach the horizon r = r + . Also we have assumed that the particles are initially to be at rest at infinity.
The formula that we have used here suggested first by BSW [35] should read Since in the previous section we have calculated total geodesic structure confined in the equatorial plane for TN BH, so we should not repeat it again. Due to the time-like isometry and space-like isometry the space-time possesses two conserved quantities one is the energy and other is the angular momentum. Thus for massive particles, the components of the four velocity are
(A.5) and
, − X 1 , 0, L 1 r 2 + n 2 .
(A.6)
, − X 2 , 0, L 2 r 2 + n 2 .
(A.7)
Putting these values in (A.1), we find the expression for CM energy:
(A.8)
where,
For simplicity, E 1 = E 2 = 1 and reverting back the value of H(r), we obtain the CM energy near the event horizon (r + ) of TN space-time: .9) and for Cauchy horizon (r − ) the CM energy is
where r ± is defined previously. It implies that the CM energy is finite and depends upon the values of angular momentum parameter. It also suggests that the CM energy depends upon the NUT parameter. It may also playing a key role in the BSW effect as we have seen from the above expression.
In the limit n = 0, the above expression reduces to the following form
which is exactly CM energy of the Schwarzschild BH found by BSW in [35] . Now see what happens in case of mass-less case and extreme case? First we consider the mass-less case, in this case the CM energy is given by
It indicates that the CM energy is finite depends on the NUT parameter. More interesting case i.e. the extreme case where the CM energy is given by
Since we know for extreme case, r + = r − = M and M 2 + n 2 = 0. Therefore we find for extreme TN BH:
(A.14)
i.e the CM energy is divergent. This is an amusing result. Because we first reported a non-asymptotic flat, spherically symmetric and stationary extreme BH spacetime possesses such properties.
